Abstract A digraph D with p vertices and q arcs is labeled by assigning a distinct integer value g(v) from {0, 1, ..., q} to each vertex v. The vertex values, in turn, induce a value
Introduction
For standard notations and terminologies in graph theory we follow Chartrand and Lesniak [1] .
Graph labelings, where the vertices and arcs are assigned real values or subsets of a set subject to certain conditions, have often been motivated by their utility in various applied fields and their intrinsic mathematical interest (logico-mathematical). Graph labelings were first introduced in the mid sixties. In the intervening years, dozens of graph labeling problems have been studied in over a thousand papers. An enormous body of literature has grown around the subject, especially in the last forty years or so, and is still getting embellished due to an increasing number of application driven concepts [2] .
The concept of graceful labeling was introduced by Rosa [3] in the year 1967.
Definition 1 An undirected graph with e edges is gracefully labeled if each vertex v is assigned a distinct value f (v) from the set {0, 1, ..., e} in such a way that the set of edge labels equals {1, 2, ..., e} when edge uv is labeled by f (uv) = | f (u) − f (v)|. A graph is said to be a graceful (undirected) graph if it can be gracefully labeled.
The concept of graceful labeling of undirected graphs was extended to digraphs by Bloom and Hsu [4] as follows. Bloom and Hsu [5] established some connection between graceful digraphs and Latin squares, sequenceable groups, Abelian groups, Galois fields, and neofields. Also they have specified the relation between graceful unicycles and complete mappings by establishing the relation of each to a particular class of permutations.
Definition 3
If both the indegree and outdegree of all vertices of a directed cycle are one, then it is called a unicycle.
the union of t disjoint identical unicycles on n vertices. D is graceful if (a) t = 1 and n is even; of if (b) t = 2; or if (c) n = 2 or n = 6. Moreover, D is not graceful if tn is odd.
Definition 4 [6] n − → C m is the digraph obtained from n copies of the unicycle − → C m which have one common vertex.
In 1991, Ma Kejie [7] proposed the following:
In 2000, Jirimutu et al. [8] proved this conjecture. Du and Sun [6] proved that the digraph n − − → C 2m is graceful for every integer n ≥ 1 and m ≥ 1, and conjectured that :
Conjecture 2 For any positive even n and any odd m(m
This conjecture has been proved for m = 5, 7 by Jirimutu and Siqinbate [9] , m = 9, 11 and 13 by Jirimutu et al. [10] , m = 15, 17 by Jirimutu et al. [11] , m = 19 by Bao et al. [12] , m = 21 by Feng et al. [13] and m = 23 by Bao et al. [14] .
A graceful digraph D does not have a unique graceful labeling, since adding a constant modulo (q + 1) to all of the vertex labels of a digraph preserves the arc labels and therefore generates a new graceful labeling of D. Graceful labeling of the vertices of D, g 1 
Bloom and Hsu [5] observed the following property for the given digraph which demonstrate how knowing one gracefully labeled digraph is sufficient to determine other graceful digraphs.
Suppose that we reverse the direction of arcs (u, v) and (x, y) that are labeled respectively by values k and −k = q + 1 − k(mod q + 1) to form a digraph D . Then in D , g(v, u) = −k and g(y, x) = k and hence the set of vertex labels remains unchanged by this exchange.
In this paper, we prove a general result of which Conjecture 2 is a special case. Also, we give an upper bound for the number of non isomorphic graceful directed cycles obtained from a graceful labeling of the unicycle − → C n .
Gracefulness of Balanced Digraphs
In this section, we present the graceful labeling of digraphs using a system of simultaneous congruences. And prove that if a degree balanced digraph D is graceful, then the number of arcs must be even. 
As the left hand sides of the system of congruences obtained by a graceful labeling of D add up to zero, the right hand sides also add up to zero. Hence
From the above theorem, it is immediate to see the following lemmas.
Lemma 1 Let D be a graceful digraph with p vertices and q arcs. Suppose that − → C n is a unicycle contained in the digraph D. Then the sum of the labels on the arcs of unicycle
− → C n is congruent to zero (mod q + 1).
Lemma 2 The unicycle
− → C n is graceful if and only if the sum of the elements 1, 2, ..., n is congruent to 0 (mod n + 1), and there exists an arrangement of these elements in a circular way, with the sum of m (m < n) consecutive elements not congruent to 0 (mod n + 1).
In the view of Lemma 1, the following result proved by Bloom and Hsu [5] becomes a corollary.
Corollary 1 For a union of n ≥ 1 unicycles to be graceful, it is necessary that the total number of arcs in the digraph be even.

Theorem 3 In a unicycle − → C n (n is even), if the orientation of the arcs of any unidirectional path is reversed, then the resulting directed cycle is not graceful.
Proof Consider the unicycle − → C n where n is even. Let us reverse the orientation of the arcs of any unidirectional path − → P j on j vertices, where 2 ≤ j ≤ n − 1 of the unicycle − → C n . Assume that the resulting directed cycle is graceful. Let a 1 , a 2 , a 3 , ..., a j , a j+1 , ..., a n−1 , a n be the labels of the vertices and b 1 , b 2 , ..., b j , ..., b n be the labels on the arcs of the resulting directed cycle.
Then by adding the system of simultaneous congruences representing the graceful labeling of the resulting directed cycle, we get,
Since the gcd(2, n+1) is one, we get, a 1 −a j+1 = 0. This implies a 1 = a j+1 , a contradiction. Hence the proof. D(n 1 , n 2 , ..., n k ; m 1 , m 2 , . .., m k )
Gracefulness of the Digraph
In this section, we prove a general result of which Conjecture 2 is a special case.
where k is any positive integer denotes the digraph having n 1 unicycles of length m 1 , n 2 unicycles of length m 2 ,..., n k unicycles of length m k having one common vertex.
We will be using the following theorem proved by Friedlander et al. [16] in proving Theorem 5.
Theorem 4 If n ≡ 1(mod 6), then the nonzero residues (mod n) can be partitioned into (n − 1)/3 triples such that the elements of each triple have sum congruent to 0 (mod n).
Theorem 5 The digraph D(n
Conversely, suppose that, M is even. To prove that the digraph
is graceful, we need to prove the following.
1. Sum of the labels on the arcs of each unicycle is congruent to 0 (mod M + 1). 2. Sum of the labels on the arcs of any unidirectional path of the digraph
We give the proof in three Steps:
Step 1. We prove that it is possible to partition We note that this is trivial when each m i is even. That is, split the elements from the set {1, 2, ..., can be partitioned into disjoint subsets, each of cardinality 3, so that the sum of the elements in each set is zero. Also, they proved that if In the following steps we prove that the sum of the labels on the arcs of any unidirectional path is not congruent to 0 (mod M + 1).
Step 2. Let {b 
Bloom and Hsu [5] proved that the cycle − → C n is graceful if and only if n is even. This implies that, when n is even, the arrangement of elements 1, 2, ..., n as mentioned in Lemma 2 is always possible. So, without loss of generality one can arrange the elements of any subset of Z n+1 \ {0} having m elements where m ≤ n such that the sum of the m elements is congruent to 0 (mod n + 1). This arrangement is in a circular way such that the sum of r (r < m) consecutive elements is not congruent to 0 (mod n + 1). Therefore, for any subset {b
), in such a way that
Step 3 (2, 2; 3, 4) where the sum of elements of each subset is zero.
Since all the other possible partitions can be obtained from the above mentioned partitions, we consider only the above mentioned partitions.
1. Since n 1 = 2 = M 1 and
2 ≡ 1(mod 4) the integers {1, 2, 3} and their negatives can be partitioned into 2 disjoint subsets, each of cardinality 3, so that the sum of elements in each set is zero. That is, {1, 2, −3}, {−1, −2, 3}. Now split the remaining nonzero integers {−7, −6, −5, −4, 4, 5, 6, 7} into subsets of cardinalities 2 and 2. Then adjoin to each of these subsets the negative of its elements. That is, {4, 5, −4, −5}, {6, 7, −6, −7}.
Thus, we have partitioned Z 15 \ {0} into 4 pairwise disjoint subsets of which 2 subsets have cardinality 2 and the other 2 subsets have cardinality 4 such that the sum of the elements in each subset is 0.
That is, {1, 2, −3}, {3, −2, −1}, {4, −4, 5, −5}, {6, −6, 7, −7}.
Now we give the arrangement of the subsets as discussed in Step 2.
(1, 2, −3), (3, −2, −1), (−4, −5, 4, 5), (6, −7, −6, 7). Now we do the arrangement as given in Step 3.
Thus, we get a graceful labeling of the digraph D(2, 2; 3, 4). Figure 1 shows a graceful labeling of the digraph D(2, 2; 3, 4). Now we give the arrangement of the subsets as discussed in Step 2. Thus, we get a graceful labeling of the digraph D (2, 1; 5, 4) . Figure 3 shows a graceful labeling of the digraph D (2, 1; 5, 4) .
It is easy to see that Conjecture 2 is a special case of Theorem 5.
Corollary 2 [6]
For any positive even n and any positive integer m, the digraph n − → C m is graceful. 
Graceful Labelings of Directed Cycles
In this section, we provide an upper bound for the number of non isomorphic graceful directed cycles obtained from a graceful labeling of unicycle.
One can see that, in order to obtain the number of non isomorphic graceful directed cycles from a graceful labeling of unicycle, one needs to know the position of the additive inverse pairs on the arcs. One can see that the maximum distance between any pair of arcs in a unicycle − → C n , where n is even, is ( n 2 − 1). Hence we get a maximum of ( n 2 − 1) non isomorphic graceful directed cycles by reversing the direction of a pair of arcs. Let ( n 2 − 1) be denoted by a 1 . Similarly, we get Table 1 lists the maximum number of non isomorphic graceful directed cycles obtained from a graceful labeling of unicycle − → C n for certain values of n. We illustrate the idea of the proof of Theorem 6 with the following example.
Example 1 Consider the unicycle − → C 6 . The cyclic sequence (6, 2, 3, 5, 1, 4) represents the arc labels of unicycle − → C 6 . Here we can see that {1, 6}, {2, 5} and {3, 4} are pairs of additive inverses. The distances between 1 and 6, 2 and 5, 3 and 4 are 1, 1, 2 respectively. Figure 4 shows a graceful labeling of the unicycle − → C 6 . Note that in unicycle − → C 6 , replacing a pair of arcs is the same as replacing the remaining two pairs of arcs. Figure 5 shows the non isomorphic graceful directed cycles of a graceful unicycle − → C 6 by replacing the pairs of arcs labeled 1, 6 and 3, 4. One can see that there are (2 3 =)8 non isomorphic directed graphs with C 6 as its underlying graph. We have already discussed three such directed graphs in Example 1. By Theorem 3 three of the remaining five directed graphs do not admit a graceful labeling. The remaining two directed graphs are graceful displayed in Fig. 6 . Note that they cannot be obtained from any of the non equivalent graceful labelings of the unicycle − → C 6 .
Note 1 One can verify that there are 16 and 32 non isomorphic directed cycles with 8 and 10 vertices respectively. We have verified the gracefulness of 12 and 27 directed cycles out of 16 and 32 respectively. From Theorem 3, it follows that the remaining 4 and 5 directed cycles are not graceful. This prompts us to propose the following: 
